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Abstract In this paper, we prove that a gradient shrinking compact Kahler-Ricci soliton cannot 
have too large Ricci curvature unless it is Kahler-Einstein. 

1 Introduction 

The main purpose of this paper is to give two gap theorems on gradient shrinking Kahler-Ricci 
solitons with positive Ricci curvature on a compact Kahler manifold with ci(M) > 0. Here we 
only discuss compact manifolds. 

Since Ricci flow was introduced by R. Hamilton in (4], Ricci solitons have been studied 
extensively. One interesting question is to classify all the Ricci solitons with some curvature 
conditions, especially with positive curvature operator. It is well known that there is no ex- 
panding or steady Ricci solitons on a compact Riemannian manifold of any dimension, and no 
shrinking Ricci solitons of dimension 2 and 3 (cf. [|5l|[|6l). Recently Bohm-Wilking in [[T]| ex- 
tended Hamilton's maximum principles, and they essentially proved that there is no nontrivial 
shrinking Ricci solitons with positive curvature operator on a compact manifold. 

For the Kahler case, by Siu-Yau's result in IfTOl a Kahler-Ricci soliton with positive holomor- 
phic bisectional curvature is Kahler-Einstein. It is still very interesting to know how to prove 
this result via Kahler-Ricci flow (cf. lfT4ll ). or via complex Monge-Ampere equations. Rota- 
tionally symmetric Kahler-Ricci solitons have been constructed by Koiso [7] and Cao [21. The 
existence and uniqueness of Kahler-Ricci solitons have been extensively studied in literature (cf. 

mniiiiiiiisi). 

Let M be a compact Kahler manifold with ci(M) > 0. A Kahler metric g with its Kahler 
form u! is called a Kahler-Ricci solition with respect to a holomorphic vector field X if the 
equation 

Ric{uj) — uj = LxUJ 
is satisfied. Since u is closed, we may write 

LxijJ = —V—Tddu 

for some function u with Uij = m^j = 0. Then the Futaki invariant is given by 

fx = -^ [ Xuu'^ = 1 / iVwpo;" > 0. 
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Note that fx depends only on the Kahler class [u] and the holomorphic vector field X. 
The following is the first result in this paper: 



Theorem 1.1. Let u be a Kdhler-Ricci soliton with a holomorphic vector field X. If 



Ric{uj) — uj\ < 



fx + ^/fl + ^. 



X 



(1.1) 
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then oj is Kdhler-Einstein. 

Remark 1.2. Theorem 1 1.1 1 tells us that the Ricci curvature of a Kahler-Ricci soliton can not be 
too close to the Kahler form, so it gives a gap between Kahler-Ricci solitons and Kahler-Einstein 
metrics. 

In ifTTl . G. Tian proposed a conjecture on the solution uot of complex Monge- Ampere equa- 
tions on a Kahler manifold with Ci(M) > 



where h,^ is the Ricci potential with respect to the metric cu. It is known that M admits a Kahler- 
Einstein metric if and only if (11.21) is solvable for t E [0, 1]. On the other hand, if M admits 
no Kahler-Einstein metrics, then (11.21) is solvable for t E [0, to)(^o ^ !)• Tian conjectured that 
when this case occurs, (M, Ut) converges to a space {Mao,uJoo), which might be a Kahler-Ricci 
soliton after certain normalization. Observe that the metric cut of (|1.2I) has Ric{ujt) > (1 — t)ujt, 
the following theorem tells us that if Tian's conjecture is true, to might not be close to 1. 

Theorem 1.3. Let u be a Kdhler-Ricci soliton with a holomorphic vector field X. There exists 
a constant e > depending only on the Futaki invariant fx such that if 



then uj is Kdhler-Einstein. 

Remark 1 .4. In Theorem II. 3 [ e can be expressed explicitly from the proof. 
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(1.2) 



Ricioj) > (1 — e)tu, 



2 Proof of Theorem [LT 



In this section, we prove Theorem ll.il Let be a Kahler-Ricci soliton with 



Ric — u 



Iddu. 



By the definition of the Futaki invariant. 




X{u)uj' 



V 



1 



/ 

J A: 



M 
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Define 



e := max \Ric — u\, (2.1) 

M 



we have the following lemma: 

Lemma 2.1. Let Ai be the first eigenvalue of /S.g, then Ai > 1 — e. 
Proof. Let / be an eigenf unction satisfying A^/ = —Xif, then 

< / \VVf\'u- = I ({AJY - mc{Vf, Vf))co- < (A? - (1 - 6)Ai) / f 

Thus, Ai > 1 — e and the lemma is proved. □ 



By Lemma [XU we have 

i / iVVnp^- > (1 - e)i / iVtipa;" = (1 - e)/x. (2.2) 
In fact, we can write u = Xli^i Cj/i, where are the eigenfunctions of such that 

A,/. = -A,/„ [ f^u- = V. 

J M 

Here < Ai < As < ■ • • < A^ < ■ ■ ■ . Then 

oo 

j = l 

Integrating by parts, we have 

i / \VVu\^u- = i / (A,.)2c." = c,^A? > Ai c?A. = i / |Vnra;^ 

JM j^;^ j^-^ 1^ 

Hence the inequality (12.21) holds. On the other hand, by (12.11) we have 



1 

V 



M 



Combining this together with (12.21) . we have 

- (1 - e)/x > 0. 

Then 



The theorem is proved. 
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3 Proof of Theorem [L3 



In this section, we prove Theorem II .31 Let ghe a Kahler Ricci soliton with 

Ric{uj) — u! = —\^—lddu, 
where Uij = u-fj = 0. We can normalize u such that 



Ma;" = 0. (3.1) 

M 

Lemma 3.1. u satisfies the following equation 

/\gU + u-\Vu\^ = -fx. (3.2) 
Proof. By direct calculation, we have 

[Uii + U- UiUi)j = Ufij + Uj - UiUlj = -RjkUk + Uj - UiUlj = 0. 

Then AgU + u — | Vnp is a constant. By (|3.1I) and the definition of the Futaki invariant, (13.21) 
holds and the lemma is proved. □ 

Now we assume Ric{u) > Xu with A > 0, so the scalar curvature R > nX. By Lemma IXTl 
u is bounded from below. In fact, 

u = - fx + I Vwp - Am = -fx + I Vwp + R-n> -fx + nX - n. (3.3) 

Now we can prove the following lemma 

Lemma 3.2. The scalar curvature is uniformly bounded from above, i.e. 

R<A{X,fx), 

where A{X, fx) is a constant depending only on X and fx - Moreover, limA^^i A{X, fx) is finite. 
Proof. By the Kahler-Ricci soliton equation ( 13.21) . we have 

I Vn|^ = AgU + u + fx = n - R + u + fx < u + n + fx - nX. (3.4) 

Let B = fx - nX + n + 1, then by (|331) u + B >1. Hence 

iVnP 1 

< 1 < 1. 



u + B ~ u + B 

Let p G M be a minimum point of u, by the normalization condition (13.11) u{j)) < 0. Then for 
any x G M, we have 

VuTB{x) - Vu + B{p) < \VVu + B\ diam{g) < I j'^^^ < (3.5) 

2 Vii + B V A 2v A 



where diam{g) is the diameter of (M, g) and c„ is a constant depending only on n. It follows 
that 

cW [b 



Therefore, 



2 2 

i? = n-Au = n + /x- | Vm|^ + w < n + /x + + c„vri 

4A 



Now we can finish the proof of Theorem II .31 By Lemma [3^ and R > nX, we have 



^ J{R>n} V J{R^n} 



< (A-n)l / {R 

^ J{R>n} 



On the other hand, 



Therefore, 



0= / (i?-ri)cu"+ / (i?-n)a;". 

'{R>n} J{R<n} 



□ 



-/ IVVmI'cc." = (A-n)- / (n-i?)c^" + n2(l-A)2 

JA/ J{R<n} 

< {A-n)n{l-X) + n\l-Xf 

^ 0, (3.6) 
as A — i> 1 . On the other hand, by the inequality (12.21) we have 

i / iVVnpc^- > A/x > 0, 

which contradicts (13.61) when A is sufficiently close to 1. The theorem is proved. 
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